APPENDIX A SPIN PERMUTATION ANTISYMMETRIES OF THE ESTS IN PSLS
Permuting the number of spin-up and spin-down lattice sites is graphically equivalent to moving from the lower (positive temperature) branches to the upper (negative temperature) branches of the microcanonical and canonical energy vs. entropy profiles, 
Spin Permutation Antisymmetries of the Continuous ESTs
The continuous ESTs change sign upon permuting N↑ = Nj and N↓ = j provided j ≠ N/2;
i.e., they manifest the spin permutation antisymmetries 
Spin Permutation Antisymmetries of the Discrete ESTs
The discrete ESTs manifest the spin permutation antisymmetries 
Fig. A-2. (A) Discrete spin permutation antisymmetries
and (B) continuous spin permuation antisymmetries 
APPENDIX B SYSTEM SIZE-DEPENDENCE OF CONSTANT-Xj, DECREASING-Xj, AND INCREASING-Xj EIGENSTATES IN TWO-LEVEL PSLS
The eigenstates of PSLs fall into three basic categories: Constant-Xj, Decreasing-Xj, and
Increasing-Xj (see Eqs.
[14a,b,c], Secs. III.C, and Figs. 3,4 ). This terminology specifies the behavior of the spin-down mole fraction 
in which the constant 0 < a  1. The N-dependence of these three categories of eigenstates are detailed below. 
ESTs of Constant-Xj Eigenstates
and Fig. 3a,c,d) ;
i.e., the continuous microcanonical, discrete microcanonical and discrete canonical ESTs of Constant-Xj eigenstates are thus non-intensive at small N, but become intensive in the TDL. 6 In contrast, 
and N X X dc j j
These four expressions are all smaller than the thermodynamic-limiting value 6 
For example, all four ESTs originating from the j = 0.25N -1, Xj = 0.25 -1/N ESTs are smaller than /kln[(1-a)/a] = /kln3 at small N, and converge to /kln3 at large N.
ESTs of Decreasing-Xj Eigenstates
The ESTs of Decreasing-Xj eigenstates [{(1-a)N-1}, (aN+1)] are obtained by combining Eq.
(B1) with Eqs. (8a, b, 10, 12, 13) 
